Rules for integrands of the form (d + ex)9 (a + bArcTan[c x])P

1. -J-(d+ex)q (a+bArcTan[cx])Pdx when pez*

dx when pez*

1 (a+bArcTan[cx])P
. J d+ex

dx whenpez* A c?d?>+e?=:0

1: J(a+bArcTan[cx])p

d+ex

Derivation: Integration by parts

e 11 2
Basis: Tiex = & Ox Log[hedx}

Rule:If p e z* A ¢?d? + e? == 9, then

a+bArcTan[cx])P Lo 2 a+bArcTan[cx])P Lo 2
J\(.';HbAr'cTan[cx])p ( [ex]) g[1+?] bcpj( [exD) g[1+ed—x]
dx — - + dx
e

d+ex e 1+c2x?

Program code:

Int[ (a_.+b_.xArcTan[c_.*x_])"p_./(d_+e_.xx_),x_Symbol] :=

- (a+bxArcTan[cxx]) “pxLog[2/ (1+exx/d)]/e +

bxcxp/exInt[ (a+bxArcTan[cxx] )" (p-1) xLog[2/ (1+exx/d) ]/ (1+c"2xx"2),x] /;
FreeQ[{a,b,c,d,e},x] && IGtQ[p,0] && EqQ[c"2xd"2+e"2,0]

Int[(a_.+b_.xArcCot[c_.*x_])"p_./(d_+e_.xx_),x_Symbol] :=

- (a+bxArcCot[cxx] ) pxLog[2/ (1+exx/d)]/e -

bxcxp/exInt[ (a+bxArcCot[cxx] )" (p-1) xLog[2/ (1+exx/d) ]/ (1+Cc"2xx"2),x] /;
FreeQ[{a,b,c,d,e},x] & & IGtQ[p,9] && EqQ[c*2xd"*2+e”2,0]



Rules for integrands of the form (d+e x)”~m (a+b arctan(c x~n))\p

a+bArcTan[cx])P
Z.J( [ex]) dx whenpez* A c2d®>+e?2+0

d+ex

a+bArcTan[cx
1: j—“dlx when c2d? +e2#0

d+ex

Derivation: Algebraic expansion and integration by parts

Basis: d+1ex = . <1icx) T e (pz()j(;j(;ex)

Basis: Ml? == — % Oy Log | 1,]-12” |

Basis: (J.ch)lmwx) = - —L— O« Log | (c dfjce(>d+<iﬁcx> ]
Basis: Ox (a+ bArcTan[cx]) = ~2f-

Rule: If c2d? + e? # 0, then

a+bArcTan[c x] ¢ ra+bArcTan[c x] cd-1ie a+bArcTan[c x]
j— dx — J dx dx —

d+ex e i+CX e (L +cXx) (d+ex)

1-icx 1-i1cx (cd+ie) (1-1cXx) (cd+ie) (1-1cXx)
X + -—

1+c?2x? e e

dx —

(a+bArcTan[cx]) Log[—2=] pc (Log[—=2=] (a+bArcTan[cx]) Log[M)—] bc Log[—(—)—2c dre x ]
- d
e ' e J J\ 1+ c2x?

. + . +
(a+bArcTan[cx]) Log| z ] ibPolyLog[2, 1- 2 ] (a+bAr‘cTan[cx])Log[é—)—ZCdeX ] anolyLog[2,1-+LZCdex ]

1-icx 1-icx (cd+ie) (1-icx) (cd+ie) (1-icx)

e 2e e 2e

Program code:

Int[(a_.+b_.*ArcTan[c_.*x_])/(d_+e_.*x_),x_Symbol] :=
- (a+bxArcTan[cxXx]) *Log[2/ (1-IxcxX)]/e +
bxc/exInt[Log[2/ (1-IxcxX) ]/ (1+c"2xx"2),x] +
(a+bxArcTan[cxx]) xLog[2xc* (d+exX) / ( (cxd+Ixe) » (1-Ixcxx))]/e -
bxc/exInt[Log[2*c* (d+exX) / ((c*d+Ixe) x (1-IxcxXx)) ]/ (1+c 2xx"2),x] /;
FreeQ[{a,b,c,d,e},x] && NeQ[c*2xd"2+e”"2,0]



Rules for integrands of the form (d+e x)”~m (a+b arctan(c x~n))\p

Int[ (a_.+b_.*ArcCot[c_.*x_])/(d_+e_.*x_),x_Symbol] :=
- (a+bxArcCot [cxXx]) xLog[2/ (1-IxcxXx)]/e -
bxc/exInt[Log[2/ (1-IxC*xX) ]/ (1+Cc 2xx"2),Xx] +
(a+bxArcCot[c*Xx]) xLog[2xC* (d+exX) / ((cxd+Ixe) * (1-IxcxXx))]/e +
bxc/exInt[Log[2xc* (d+exX) / ((c*d+Ixe) x (1-Ixc*xXx)) ]/ (1+c 2xx"2),x] /;
FreeQ[{a,b,c,d,e},x] && NeQ[c*2xd"2+e”"2,0]



Rules for integrands of the form (d+e x)”~m (a+b arctan(c x~n))\p

a+bArcTan[cx])?2
2:j( [cx]) dx when c2d?+e?2#0

d+ex

Derivation: Algebraic expansion and integration by parts

.01 o C B cd-ie
Basis: diex ~ e (i+CX) e (i+cx) (d+ex)
e 11 2
Basis: — — = - < Ox Log[l,jcx}
. 1 o 1 2c (d+ex)
Basis: (i+cx) (d+ex) ~  cd-ie Ox Log[ (cd+ie) (1-1icx) }

2bc (arbArcTan[cx])
1+c? x?

Basis: Oy (a + b ArcTan[c x])? ==

Rule: If c2d? + e? # 0, then

(a+bArcTan[c x])? ¢ r(a+bArcTan[cx])? cd-ie (a+bArcTan[c x])?
I dx — J. d d

- - X —
d+ex e i+ CX e (L+cx) (d+ex)
(a+bArcTan[cx])zLog[l_;CX] 2bc (a+bArcTan[c x]) Log[l_izcx]
- + dx +
e e 1+c?2x?
2 2c (d+ex) 2c (d+ex)
(a+bArcTan[c x]) Log[ ) (l—icx)] 2bc (a+bArcTan[c x]) Log[ cdeie) (chx)] i
- —
e e 1+c?x?

2
1-icX

(a+bArcTan[cx])?Log| 2 ] ib(a+bArcTan[cx]) PolyLog[2, 1-
+

1-icx

] b?PolyLog[3, 1- 2 ]

1-icX

e e 2e
(a+bArcTan[c x])zLog[m)—] ib (a+bArcTan[cx]) PolyLog[Z, 1- M;] b2 PolyLog[3, 1- 4(‘“ﬁ)—]
- +

(cd+ie) (1-icXx) (cd+ie) (1-icXx) (cd+ie) (1-icx)

e e 2e

Program code:



Rules for integrands of the form (d+e x)”~m (a+b arctan(c x~n))\p

Int[(a_.+b_.*ArcTan[c_.xx_])"2/(d_+e_.*Xx_) ,x_Symbol] :=

- (a+bxArcTan[cxx])~2xLog[2/ (1-IxcxX)]/e +

Ixbx (a+bxArcTan[cxx]) xPolylLog[2,1-2/ (1-IxcxX)]/e -

b”2xPolylLog[3,1-2/ (1-Ixc*X)]/ (2xe) +

(a+bxArcTan[c*Xx]) *2xLog[2xCx (d+e*X) / ((cxd+Ixe) * (1-IxcxXx))]/e -

Ixbx (a+bxArcTan[cxx]) *PolylLog[2,1-2xcx (d+e*X) / ((cxd+Ixe) * (1-Ixcxx))]/e +

b”2xPolylLog[3,1-2xc* (d+exX) / ((cxd+Ixe) * (1-Ixcxx))]/ (2xe) /;
FreeQ[{a,b,c,d,e},x] && NeQ[c*2xd"2+e”"2,0]

Int[(a_.+b_.xArcCot[c_.*x_])"2/(d_+e_.*x_),x_Symbol] :=

- (a+bxArcCot[cxx])2xLog[2/ (1-Ixc*x)]/e -

Ixbx (a+bxArcCot[cxx]) *PolylLog[2,1-2/ (1-Ixc*x)]/e -

b~2xPolylLog[3,1-2/ (1-Ixc*X)]/ (2%xe) +

(a+bxArcCot [cxXx])"2xLog[2xCx (d+exX) / ( (cxd+Ixe) * (1-Ixcxx))]/e +

Ixbx (a+bxArcCot[cxx]) *PolylLog[2,1-2xc* (d+exX) / ((c*xd+Ixe) » (1-Ixcxx))]/e +

b~2xPolylLog[3,1-2xc* (d+exXx) / ((cxd+Ixe) » (1-Ixcxx))]/ (2xe) /;
FreeQ[{a,b,c,d,e},x] && NeQ[c*2xd"2+e”"2,0]

dx when c2d?+e?2#0

3 (a+bArcTan[cx])3
. J. d+ex

Derivation: Algebraic expansion and integration by parts

.1 . C _ cd-ie
Basis: diex e (i+cX) e (i+cx) (d+ex)
e 1 1 2
Basis: —— == - ¢ Ox LOg[l,Mx}
. 1 o 1 2c (d+ex)
Basis: (i+cx) (d+ex) ~  cd-ie Ox Log[ (cd+ie) (1-icx) }

. 2
Basis: Oy (a + b ArcTan[c x])? == 2bclabArcianicxl)

Rule: If c?d? + e? # 0, then

dx -

d+ex e i+ CX e (L +cx) (d+ex)

(a+bArcTan[cx])?3 ¢ r(a+bArcTan[cx])3 cd-ie (a+bArcTan[c x])3
J dx — —J dx —



Rules for integrands of the form (d+e x)”~m (a+b arctan(c x~n))\p

(a+bAr‘cTan[cx])3Log[l_ﬁzcx] 3bcJ(a+bAr‘cTan[cx])2Log[l_ﬁzcx] ax
+ +

e e 1+c2x?
3 2c (d+ex) 2 2c (d+ex)
(a+bArcTan[c x]) Log[(cdﬂie) (1—1'1cx):| 3bc (a+bArcTan[cx]) Log[(cdnie) (1_“,()]
- dx —
e e 1+c2x?

(a+bArcTan[cx])3 Log[l_;cx] 3ib (a+bArcTan[cx])?Polylog[2, 1- —1-1'12cx]

- +
2e

e
3b? (a+bArcTan[cx]) PolylLog([3, 1- 2 | 3ib*PolyLog[4, 1- 2 ]
y ’ 1-icCX _ y > 1-1cXx +

4e

2e
3 2c (d+ex . 2 _ 2c (d+ex

(a+bArcTan[c x]) Log[é—J—(cME) e ] 3ib (a+bArcTan[cx]) PolyLog[Z, 1 4—)—“‘““) e ]
N

e 2e
2 2c (d+ex) . 1.3 2c (d+ex)
3b% (a+bArcTan[c x]) PolyLog[B, 1- cdrie) (Licm ] 31b PolyLog[4, 1- (cdrie) (1-dcn)

2e 4e

Program code:
Int[ (a_.+b_.*ArcTan[c_.*x_])"3/(d_+e_.*x_),x_Symbol] :=
- (a+bx*ArcTan[cxx])*3xLog[2/ (1-IxcxXx)]/e +
3xIxbx (a+bxArcTan[c*x])~*2+PolylLog[2,1-2/ (1-Ixc*xX) ]/ (2xe) -
3xb”2x (a+bxArcTan[c*x]) *PolyLog[3,1-2/ (1-Ixc*Xx) ]/ (2*e) -
3xIxb”3xPolylLog[4,1-2/ (1-IxcxX)]/ (4*e) +
(a+bxArcTan[cxXx])*3xLog[2xCx (d+exX) / ((cxd+Ixe) * (1-Ixcxx))]/e -
3xIxbx (a+bxArcTan[cxx])~*2xPolyLog[2,1-2xCx (d+exX) / ( (cxd+Ixe) * (1-IxcxX)) ]/ (2*e) +
3xb”2x (a+bxArcTan[c*x]) xPolyLog[3,1-2xcCx (d+exX) / ((cxd+Ixe) *x (1-IxcxXx)) ]/ (2xe) +
3xIxb”3xPolylog[4,1-2xc* (d+exX) / ((cxd+Ixe) * (1-Ixcxx))]/ (4xe) /;
FreeQ[{a,b,c,d,e},x] && NeQ[c*2xd"2+e”"2,0]
Int[(a_.+b_.*ArcCot[c_.xx_])"3/(d_+e_.*Xx_),x_Symbol] :=
- (a+bxArcCot[c*x])"3xLog[2/ (1-IxcxXx)]/e -
3xIxb* (a+bxArcCot[cxx])"2xPolylLog[2,1-2/ (1-IxcxXx)]/ (2xe) -
3xb"2x (a+bxArcCot [c*xx]) *PolyLog[3,1-2/ (1-Ixc*x) ]/ (2*e) +
3xIxb”3xPolylog[4,1-2/ (1-IxcxXx) ]/ (4xe) +
(a+bxArcCot[c*Xx])*3xLog[2xCx (d+e*xX) / ((cxd+Ixe) * (1-Ixcxx))]/e +
3xIxbx (a+bxArcCot[cxx])*2xPolyLog[2,1-2xcC* (d+exX) / ((cxd+Ixe) * (1-IxcxXx))]/ (2*e) +
3xb”2x (a+bxArcCot [c*x]) *PolyLog[3,1-2xcCx (d+exXx) / ((cxd+Ixe) * (1-IxcxXx))]/ (2xe) -
3xIxb”"3xPolylLog[4,1-2xC*x (d+exX) / ((c*d+Ixe) » (1-Ixcxx))]/ (4xe) /;
FreeQ[{a,b,c,d,e},x] && NeQ[c*2xd"2+e”"2,0]



Rules for integrands of the form (d+e x)”~m (a+b arctan(c x~n))\p

2: J(d +ex)9 (a+bArcTan[cx]) dx when q # -1

Derivation: Integration by parts

Rule: If g # -1, then

(d+ex)%! (a+bArcTan[c x]) bc J~(d+ex)q*1
X

J(d+ex)q(a+bAr'cTan[cx])d1x — -

e(q+1) e (q+1) 1+c2x?

Program code:

Int[(d_+e_.*x_)"q_.*(a_.+b_.*ArcTan[c_.*x_]),x_Symbol] :
(d+exx)~ (q+1) * (a+bxArcTan[cxx]) / (e* (q+1)) -
bxc/ (ex (q+1) ) *Int[ (d+exx) " (q+1) / (1+c”2xx"2),x] /;
FreeQ[{a,b,c,d,e,q},x] && NeQ[q,-1]

Int[(d_+e_.*x_)"q_.*(a_.+b_.*ArcCot[c_.*x_]) ,x_Symbol] :
(d+exx)~ (q+1) * (a+bxArcCot[cxXx]) / (e*x (q+1)) +
bxc/ (ex (q+1) ) *Int[ (d+exx) " (q+1) / (1+c”2xx"2),x] /;
FreeQ[{a,b,c,d,e,q},x] && NeQ[q,-1]



Rules for integrands of the form (d+e x)”~m (a+b arctan(c x~n))\p

3: J‘(d+ex)q (a+bArcTan[cx])Pdx whenp-1€Z*A qeZ A q#-1

Derivation: Integration by parts
Rule:lf p-1€zZ*AqezZ A q+ -1,then

J(d+ex)q (a+bArcTan[cx])Pdx —

d+ex)?! (a+bArcTan[cx])P bc
(d+ex) (@~ A2 - P J(a +bArcTan[cx])P? ExpandIntegr‘and[
e(q+1) e(q+1)

1+c%x?

Program code:

Int[(d_+e_.*x_)"q_.*(a_.+b_.*ArcTan[c_.*x_])"p_,x_Symbol] :=

(d+exx)~ (q+1) * (a+bxArcTan[cxx] ) *p/ (ex (q+1)) -

bxcxp/ (ex (q+1) ) *Int [ExpandIntegrand[ (a+bxArcTan[cxx]) " (p-1), (d+exx)”(q+1) / (1+c*2xx"2) ,Xx],X] /;
FreeQ[{a,b,c,d,e},x] && IGtQ[p,1] && IntegerQ[q] && NeQ[q,-1]

Int[(d_+e_.*x_)"q_.*(a_.+b_.*ArcCot[c_.*x_])”p_,x_Symbol] :=

(d+exx) ~ (q+1) * (a+bxArcCot [cxx] ) *p/ (ex (q+1)) +

bxcxp/ (ex (q+1) ) *Int [ExpandIntegrand[ (a+bxArcCot[cxx]) " (p-1), (d+exx)~ (q+1) / (1+c*2%x"*2) ,x],Xx] /;
FreeQ[{a,b,c,d,e},x] && IGtQ[p,1] && IntegerQ[q] && NeQ[qg,-1]

(d + e x)9+?

,x]dlx



Rules for integrands of the form (d+e x)”~m (a+b arctan(c x~n))\p

2. J(d+ex)'“ (a+bArcTan[cx"])" dx when p e z*

1. J(d+ex)"‘ (a+bArcTan[cx"]) dx

a+ bAr‘cTan[c x"]
1. J dx

d+ex

a+bAr‘cTan[c x"]
1: J dx when nez

d+ex

Derivation: Integration by parts

Basis: Ox (a + bArcTan[c x"]) ==bcn —1:;27)1(2”

Rule: If n € z, then

J~a + b ArcTan [c x"]
dx —

Log[d+ex] (a+bArcTan[cXx"]) bcn x"Log[d+ex]
- dx
d+ex e e J

1+c2x2n

Program code:

Int[(a_.+b_.*ArcTan[c_.*x_"n_])/ (d_+e_.*x_),x_Symbol] :
Log[d+exx] * (a+tbxArcTan[cxx”*n]) /e -
bxcxn/exInt[x” (n-1) xLog[d+exx]/ (1+C"2xX"(2%n)),x] /;
FreeQ[{a,b,c,d,e,n},x] &% IntegerQ[n]

Int[ (a_.+b_.*ArcCot[c_.*x_"n_])/ (d_+e_.*x_),x_Symbol] :
Log[d+exx] = (a+bxArcCot [cxx*n]) /e +
bxcxn/exInt[x” (n-1) xLog[d+exx]/ (1+C"2xX"(2%n)),x] /;
FreeQ[{a,b,c,d,e,n},x] &% IntegerQ[n]



Rules for integrands of the form (d+e x)”~m (a+b arctan(c x~n))\p

dx when neF

) J-a + bArcTan [c x“]

d+ex

Derivation: Integration by substitution
Basis: If k € Z*, then F(x] == k Subst [x*-* F[x*], x, x*/k] g,x*/k

Rule: If n € F, let k - Denominator[n], then

-1 (a + b ArcTan [c xk"])

Ja + b ArcTan [c x"]

K
X
dx — kSubst[J dx, X, xl/k]

d+ex d+exk

Program code:

Int[(a_.+b_.*ArcTan[c_.*x_"n_])/ (d_+e_.*x_),x_Symbol] :=
With[{k=Denominator[n]},
k+Subst [Int [x” (k-1) » (a+b*ArcTan[c#x” (kxn) 1) / (d+exx"k) ,x] ,X,x" (1/k) ] ] 78
FreeQ[{a,b,c,d,e},x] & FractionQ[n]

Int[(a_.+b_.xArcCot[c_.*x_"n_])/(d_+e_.*x_),x_Symbol] :=
With[{k=Denominator[n]},
kxSubst [Int [x" (k-1) » (a+b*ArcCot [cxx” (kxn) ]) / (d+exx"k) ,X],X,x* (1/k) 1] /;
FreeQ[{a,b,c,d,e},x] & FractionQ[n]



Rules for integrands of the form (d+e x)”~m (a+b arctan(c x~n))\p

2: J(d +ex)" (a+bArcTan[cx"]) dx when m # -1

Derivation: Integration by parts

) -1
Basis: Oy (a+ bArcTan[cx"]) =bcn X
Rule: If m # -1, then
d+ex)™! (a+bArcTan[cx" b n-1(d M
J(d+ex)"‘(a+bAr‘cTan[cx"])dlx—> (@rex)™ (ax [<x7]) - = JX Loy dx
e (m+1) e (m+1) 1+c2x2n

Program code:

Int[(d_+e_.*x_)"m_.*(a_.+b_.*ArcTan[c_.*x_"n_]) ,x_Symbol] :=
(d+exx)~ (m+1) * (a+bxArcTan[cxx”n]) / (ex (m+1)) -
bxcxn/ (ex (m+1) ) *Int [X* (n-1) % (d+exXx) A (m+1) / (1+Cc”2xX” (2xn) ) ,Xx] /;
FreeQ[{a,b,c,d,e,m,n},x] & & NeQ[m,-1]

Int[(d_+e_.*x_)"m_.*(a_.+b_.*ArcCot[c_.*x_"n_]) ,x_Symbol] :=
(d+exx)~ (m+1) * (a+bxArcCot [cxx”*n]) / (ex (m+1)) +
bxcxn/ (ex (m+1) ) *Int [X* (n-1) % (d+exXx) ~ (m+1) / (1+Cc”2xX” (2%n)) ,X] /;
FreeQ[{a,b,c,d,e,m,n},x] & & NeQ[m,-1]

11



Rules for integrands of the form (d+e x)”~m (a+b arctan(c x~n))\p

2: J(d+ex)'" (a+bArcTan[cx"])?dx when p-1ez* A mez*

Derivation: Algebraic expansion

Rule:lf p-1€2z* A mez*, then

J(d +ex)" (a+bArcTan[cx"])?dx — J(a +bArcTan[cx"])® ExpandIntegrand[ (d + ex)", x] dx

Program code:

Int[(d_+e_.*x_)"m_.*(a_.+b_.*ArcTan[c_.*x_"n_])"p_,x_Symbol] :
Int [ExpandIntegrand[ (a+bxArcTan[c*x”~n])*p, (d+exx) *m,x],x] /;
FreeQ[{a,b,c,d,e,n},x] & & IGtQ[p,1] && IGtQ[m,0]

Int[(d_+e_.*x_)"m_.*(a_.+b_.*ArcCot[c_.*x_"n_])"p_,x_Symbol] :
Int [ExpandIntegrand[ (a+bxArcCot[c*x”~n])*p, (d+exx)*m,x],x] /;
FreeQ[{a,b,c,d,e,n},x] && IGtQ[p,1] && IGtQ[m,0]

u: J(d+ex)“‘ (a+bArcTan[cx"])P? dx

Rule:

J(d+ex)'“ (a+bArcTan[cx"])?dx — J(d+ex)"‘ (a+bArcTan[cx"])? dx

Program code:

Int[(d_.+e_.*x_)"m_.x(a_.+b_.*ArcTan[c_.*x_"n_])"p_.,x_Symbol] :=
Unintegrable[ (d+exXx) “mx (a+bxArcTan[c*x”n])p,x] /;
FreeQ[{a,b,c,d,e,m,n,p},X]

12



Rules for integrands of the form (d+e x)”~m (a+b arctan(c x~n))\p

Int[(d_.+e_.*x_)"m_.*(a_.+b_.*ArcCot[c_.*x_"n_])”p_.,x_Symbol] :=
Unintegrable[ (d+exXx) ~“mx (a+bxArcCot [c*x”n])p,x] /;
FreeQ[{a,b,c,d,e,m,n,p},X]



